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Abstrat

The topi of present paper is given by the polyphenylene

type of quasi-1D hexagon hains, whose ground states have been

examined by exat methods. The main line of the study was

investigating the reations of the system in ase of hanging

some irumstanes, e.g. how an the physial properties of the

hain be in�uened by turning on or o� an external magneti

�eld, or modifying the total number of eletrons in the system?

I. Introdution

Polyphenylene stands as a olletive noun for those quasi-1D polymer

hains whose hexagonal ells are onneted by a bond along a periodi stru-

ture. A lot of di�erent representatives of polyphenylenes an be mentioned,

for example polyphenylene oxide (PPO), polyphenylene sul�de (PPS), poly-

phenylene vinylene (PPV), polyarylene ether (PAE), polyethylene tereph-

thalate (PET), polybutylene terephtalate (PBT), et.

Polyphenylenes are thermoplasti polymers having very speial hemi-

al and mehanial properties. Itemizing some aspets, for example PPO

is a high-temperature thermoplasti, whih resists to high heat, and has a

good dimensional stability. It is rarely used in its pure form, it is usual-

ly mixed with polystyrene, reating in this way a homogenous mixture of
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two polymers. It is remarkably interesting sine polymers are mostly in-

ompatible with eah other, whih means that they tend to disintegrate to

separate phases in the ourse of mixing. The blend of PPO and polystyrene

is widely used for example to produe printer artridges. In addition, it

an be applied in eletronis, household and automotive items, and they

are also used in mediine for sterilizable instruments made of plasti [1℄.

PPS is one of the most important high-temperature polymers beause it

shows suh advantageous properties like resistane to heat, aids, abrasion,

mildew, aging or sunlight, it an be molded, extruded or mahined to high

toleranes. PPS an serve as a good stok for fabriating syntheti �ber and

textiles resisting to thermal and mehanial attak. It is highly proper for

making �lter fabri for oal boilers, papermaking felts, speial membranes,

gaskets and pakings.

Beyond these, there are still a number of areas where polyphenylenes an

be relevant in for example nanosale juntions [2℄, light emission possibili-

ties [4℄, frequeny dependene in spei� heat [5℄, temperature dependent

elastohydrodynami properties [6℄, fuel ell tehnology [7℄. These applia-

tions take the intrinsi properties of polyphenylenes as a basi, but besides,

they an also be used in di�usion pumps, aerospae appliations, eletroni

onnetors, high-temperature hydrauli systems or ultra high vauum and

heat transfer proesses [8℄-[10℄.

As regards the theoretial treatments, some studies have revealed the fat

that inter-eletroni orrelations play a high important role in the physial

proesses taking plae in hain strutures [2℄,[3℄, so these orrelation e�ets

atually an not be negleted during the desriptions. In virtue of this

statement, we aimed to onsider genuine orrelation e�ets, whih has been

arried out by making use of exat terms. Details an be found in [11℄.

II. Presentation of the starting points: the system and the

method

II.1 The system

The struture of the studied system an be observed in Fig. 1. As seen,

one primitive ell of the hain is given by one hexagon ontaining six sites
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Figure 1: The struture of the studied polymers

denoted by number 1 to number 6. One arbon atom is plaed on eah

site, and dependingly on the onrete nature of the matter, di�erent groups

of atoms an be attahed to ertain arbon sites. As an example, in ase

of polyphenylene oxide a methyl group (CH3) joins to site 3 and site 5

in eah ell of the hain. Hexagons are linked by bonds shaping hereby

the periodi struture of the system. These bonds onneting hexagons

an evolve hemially in various ways in di�erent systems. For examples,

at polyphenylene oxide an oxygen atom, while at polyphenylene sul�de a

sulphur atom appears in eah linking bond between hexagons. In Figure

1. four ells are depited, but � sine polymer strutures are in fous � the

number of ells denoted by Nc an be an arbitrary positive integer.

The Hamiltonian of the system is given by

Ĥ = Ĥ0 + ĤU , (1)

where

Ĥ0 =
∑

σ

∑

i

ǫi n̂i,σ +
∑

σ

∑

i,j

(tij e
iγij ĉ†i,σ ĉj,σ +H.c.),

ĤU = U
∑

i

n̂i,↑n̂i,↓. (2)

In (1,2) Ĥ0 yields the kineti energy, while ĤU provides the potential energy

of the system.

ĉ†
i,σ reates an eletron possessing spin projetion σ on site i, and ĉj,σ

annihilates an eletron with spin projetion σ from site j. Aordingly, the

produt ĉ†i,σĉj,σ represents a hopping of an eletron whih eventuate from site

j to site i. This hopping is haraterized by the energy value tij, near whih
the so-alled Peierls phase fator eiγij emerges. With this exponential fator

one an take into aount an external magneti �eld

~B. In present ase the
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magneti �eld is assumed to be perpendiular to the plane of the hain, i.e.

the diretion of vetor

~B is the same as whih of axis z by Fig. 1. If

~A the

belonging vetor potential via

~B = rot ~A, then γij from the Peierls fator

an be given by a linear integral as γij = (2π/Φ0)
∫ i

j
~Ad~l, where Φ0 = hc

e

denotes the �ux quantum. In order to alulate the integral of γij, one
must hoose an appropriate form for the vetor potential. For mathematial

onveniene,

~A was hosen with the omponents Ax = Az = 0, Ay = Bx,
so it was de�ned along the axis y.

In the �rst sum of Ĥ0, n̂i,σ = ĉ†i,σ ĉi,σ represents the partile number

operator whih ounts the eletrons with spin projetion σ ouring on site

i, and the orresponding on-site potential is denoted by ǫi. By the meanings
of them, these terms are the loal one-partile ontributions in Ĥ0.

ĤU in (2) is written aording to the Hubbard model, whih means that

short-range Coulomb repulsion is onsidered between eletrons, i.e. only

the on-site ontributions are kept from the Coulomb funtion. U stands for

the oupling onstant haraterizing the strength of the interation having

a repulsive nature, hene the sign of U is given by U > 0.

II.2 The method

The applied method for deduing exat ground states in the system

makes use of the advantageous property of positive semide�nite operators

that their spetrum has a well-de�ned lower bound. Namely, they possess a

non-negative spetrum, thus the lowest eigenvalue of them is zero. Hene, it

is expedient to transribe the Hamiltonian (1,2) into a positive semide�nite

struture by Ĥ = ĤP + K, where ĤP is generated as a sum of positive

semide�nite operators, P̂n, i.e. ĤP =
∑

n P̂n, and K is an additive salar

onstant. After this, one should make an e�ort to onstrut the Ψ0 ground

state wave funtion of the system, applying the ondition ĤPΨ0 = 0. If

one sueeds in �nding the most general wave funtion whih an satisfy

the requirement ĤPΨ0 = 0, then Ψ0 will desribe the exat ground state

of the system, and K will provide the E0 exat ground state energy, i.e.

K = E0.
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III. Some thoughts about the results

Regarding the �nal form of the ground state wave funtion Ψ0, we ob-

tained the expression

|Ψ0〉 =
∏

i

V̂ †
i,σ|0〉, (3)

where i runs over lattie sites, |0〉 denotes the bare vauum state, and

the operators V̂ †
i,σ are built up as linear ombinations of fermioni reation

operators by

V̂ †
i,σ =

∑

j

xj ĉ
†
ij ,σ

. (4)

A given operator V̂ †
i,σ an plaes one eletron in the system with spin proje-

tion σ, whih an our on either of the sites ij . For example, the oe�ient

xk is a numerial prefator belonging to site ik, and |xk|
2
yields the proba-

bility of ouring of the eletron on site ik. Now it is lear that the total

number of eletrons, N in the system is �xed by the number of operators

V̂ †
i,σ in the produt of (3).

Only one question has remained relating to expression (4). What may

be the domain of variability of the index j ? In other words, how extended

may be the domain where one eletron an emerge ?

III.1

~B = 0 ase

In the �rst part of the study we have investigated the system without

external magneti �eld. Note that in this ase one has to treat a Hamil-

tonian in (1,2) whih does not ontain Peierls phase fators beause � via

~A = 0, γij = 0 � they disappear from Ĥ0.

As seen in Fig. 2., in absene of

~B, operators V̂ †
i,σ possess a blok-like

struture, whih means that the sum in (4) onsists of only a few terms,

sine eah V̂ †
i,σ has only four sites. These bloks are illustrated by blak

dots enirled with retangles in Fig. 2., and here it an be learly observed

that the bloks of operators V̂ †
i,σ are ompletely separated from eah other,

i.e. they do not share ommon sites in the hain. Beause of the speial
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i−a,σ

Figure 2: The struture of operators V̂ †
i,σ in ase of

~B = 0. a represents the

Bravais vetor of the lattie.

struture of V̂ †
i,σ, the region of ourene of one eletron is on�ned to

one ell of the hain, thus the maximal number of eletrons whih an be

present in the system is equal to the number of ells, Nc. In pursuane of the

above, the blok-strutured operators V̂ †
i,σ realise in-ell-loalized eletron

states in the hain, whih phyisially leads to a loalized ground state.

On the other hand, sine the bloks of V̂ †
i,σ are separated, no hane is

given σ indies to be orrelated. So, the spin projetions of eletrons are

independent from eah other, and this results in a paramagneti ground

state. This paramagneti and loalized property of the ground state is

valid in the ontinual domain N ≤ Nc beause varying N in the interval

N ≤ Nc, the separated harateristi of operators V̂ †
i,σ remains.

III.2

~B 6= 0 ase

Now, we swith an external magneti �eld on the hain, whih is per-

pendiular to the (x, y) plane presented in Fig. 1. Herewith, of ourse, the

Peierls phase fators must be taken into aount in Ĥ0 of the Hamiltonian

(1,2).

Fig. 3. shows the struture of operators V̂ †
i,σ in ase of applying

~B. Here

it an be seen that V̂ †
i,σ preserve their blok-like nature, but in this ase

in the sum of (4) more ontributions are present than whih of situation

~B = 0. Namely, now eah V̂ †
i,σ possesses ten sites, whereby a given operator

V̂ †
i,σ over two neighbouring ells of the hain. Consequently, it an happen

that two adjaent V̂ †
i,σ share ommon sites, i.e. they touh eah other. In
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Figure 3: The struture of operators V̂ †
i,σ in ase of

~B 6= 0. a represents the

Bravais vetor of the lattie.

other words, they satisfy the so-alled onnetivity ondition. The domains

of the ommon sites of two neighbouring operators is pitured by the ruled,

gray areas in Fig. 3. in ase of V̂ †
i−a,σ, V̂

†
i,σ and V̂ †

i+a,σ. If N is rather

small, then it an be possible that the operators V̂ †
i,σ separate from eah

other, omposing a paramagneti and loalized ground state. But inreas-

ing the N number of eletrons, bigger and bigger lusters an evolve in

the system, and in border-line ase, when N = Nc, eah pair of adjaent

V̂ †
i,σ will overlap (see Fig. 3. again). Regarding the physial properties,

it means that in ase of N = Nc extended eletron states an ome into

existene, whih makes the possibility for generating a deloalized ground

state. Nevertheless, satisfying the onnetivity ondition has another im-

portant onsequene. Namely, the σ spin indies of V̂ †
i,σ beome orrelated,

sine the system tries for minimizing its energy, and in the interest of this,

it eliminates the double oupied sites by �xing all of the eletron spins

at the same value. This irumstane, however, leads to a ferromagneti

ground state. Thus, enhaning the N number of eletrons gradually, bigger

and bigger ferromagneti lusters an be reated, and in ase of N = Nc

the system turns into a saturated ferromagnet. So, it means that the lo-

alization length of the eletron states an be hanged by varying the total

number of eletrons, modifying in this manner the magneti properties of

the system.

Moreover, it must be emphasized, too that varying N is not the only way

to alter the physial properties of the hain beause � omparing subsetion

III.1 with III.2 � it is lear that applying an external magneti �eld is as well

as proper for tilting the system from a paramagneti and loalized ground

state to a ferromagneti and deloalized one, as long as N = Nc holds.
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IV. A short summary

Polyphenylene types of hexagonal hains have been analysed by means

of a tehnique whih is based on the positive semide�nite operators. We

have dedued ground state wave funtions in the system, and have studied

the physial properties of them. The dedution of ground states has been

arried out without, or rather in presene of external magneti �eld,

~B. It

has turned out that if

~B = 0, than in the ontinuous interval of N ≤ Nc, the

system behaves as a paramagnet generated by loalized eletons. However,

in ase of

~B 6= 0 the system an be transfered from a paramagneti and

loalized ground state to an itinerant ferromagnet by inreasing the total

number of eletrons. If N is �xed by N = Nc, then the loalization length

an be tuned by the external magneti �eld.

First and last, note that the system an be swithed between two phases

having di�erent physial properties by hanging the total number of elet-

rons or � when N = Nc stands � by swithing on or o� an external magneti

�eld.
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